The hydrodynamic interactions between colloidal particles in small ensembles are measured at varying distances from a no-slip surface over a range of inter-particle separations. The diffusion tensor for motion parallel to the wall of each ensemble is calculated by analyzing thousands of particle trajectories generated by blinking holographic optical tweezers and by dynamic simulation. The Stokesian Dynamics simulations predict similar particle dynamics. By separating the dynamics into three classes of modes: self, relative and collective diffusion, we observe qualitatively different behavior depending on the relative magnitudes of the distance of the ensemble from the wall and the inter-particle separation. A simple picture of the pair-hydrodynamic interactions is developed, while many-bodyhydrodynamic interactions give rise to more complicated behavior. The results demonstrate that the effect of many-body hydrodynamic interactions in the presence of a wall is much richer than the single particle behavior and that the multiple-particle behavior cannot be simply predicted by a superposition of pair interactions.
Introduction
The motions of small objects suspended in a viscous medium are strongly coupled by hydrodynamic interactions.
1 Such interactions arise due to disturbances of the surrounding fluid that viscously propagate in a quasi-steady fashion at small length scales. This small-length-scale-regime is characterized by the Reynolds number (Re ¼ rUa/h ( 1, with r and h the fluid density and viscosity, U the characteristic speed of the particles and a the radius of the particles). In this regime, viscous forces dominate the hydrodynamic resistivity of particles, including colloids, polymer segments and living organisms, such as motile bacteria, which in turn determines the transport properties of materials, such as the diffusivity and viscosity. Thus, hydrodynamic interactions are ubiquitous and important in many soft materials, both natural and man-made, such as suspensions, polymer solutions, slurries and protein solutions.
There is a long history of work examining the effect of hydrodynamic drag due to a nearby wall on the sedimentation velocities of objects. [2] [3] [4] [5] These interactions have also been studied extensively in semi-dilute and concentrated suspensions near surfaces, often termed as quasi-two dimensional suspensions.
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Likewise, the effect of wall-induced drag on the single particle mobility has been studied in detail using a range of different techniques, including photonic force microscopy, 14 optical tweezers combined with video microscopy or TIRM (total internal reflection microscopy) [15] [16] [17] [18] and evanescent wave dynamic light scattering (EWDLS). 12, 19 These investigations confirm that single particle diffusivities parallel and normal to the no-slip surface are well approximated by established analytical expressions, [20] [21] [22] and specifically, that the interactions with a no-slip surface decay in strength with the inverse of the distance of the particle center from the wall. Although recent work using blinking optical tweezers has examined the many-body interactions among three 23 and eight 24 colloidal particles far from any surfaces, the observation and understanding of many-body hydrodynamic interactions near a no-slip surface is more limited.
In this work, we use Stokesian Dynamics simulations 25 and blinking optical tweezers to experimentally measure the diffusivity of multi-particle clusters near a single, planar, no-slip surface. We systematically vary the particle-wall separation, h, and the inter-particle separation, r. Before discussing our results, we first consider the theoretical approaches to solving this manybody problem.
Hydrodynamic interactions in an ensemble of N particles can be quantified in terms of the short-time, ensemble diffusion tensor,
where t is time and x(t) represents the trajectories of purely Brownian (otherwise unforced) particles. The diffusion tensor is related to the resistance tensor R FU by the Einstein relation, D ¼ kTR
À1
FU , where kT is the thermal energy. The resistance tensor depends only on the relative configuration of the ensemble (i.e. the inter-particle separations), the position of the ensemble relative to any macroscopic boundaries (e.g. a no-slip plane wall), the particle sizes and the fluid viscosity. In the simplest approximation of the hydrodynamics of colloidal particles above a no-slip boundary the particles are treated as point forces. Then the velocity field at x due to a point force, denoted f, in the fluid at y is
Here, G(x, y) is the Green's function for Stokes flow above a rigid, no-slip plane wall. Without a wall, this function is simply the Stokeslet
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JðrÞ ¼ 1 8phr ðI þrrÞ;
where I is the idem tensor, r ¼ |x À y| is distance between the source and field points andr ¼ (x À y)/r is the unit vector connecting these points. In order to satisfy the no-slip condition on the plane wall, additional hydrodynamic flows must be generated by the point force so that
and J W (x, y) ¼ ÀJ(x À y) when x is a point on the boundary. These additional flows may be determined via the method of images such that
where R ¼ r + 2he t , h is the height of the point force above the no-slip boundary and e t is the vector normal to the boundary. One striking consequence of this function is that while the Stokeslet decays in strength as r
À1
, the magnitude of the velocity field due to a point force above a wall may decay as r
À2
. The change from r À1 to r À2 or in a certain case r
À3
-when the particles are at exactly the same height above the wall (see the appendix)-is termed hydrodynamic screening and is the result of the fluid satisfying the no-slip condition on the plane wall. This may be illustrated via the hydrodynamics of only two particles above a no-slip surface (see Fig. 1 ).
In Fig. 1 , we plot the self, relative and collective diffusivities parallel to the wall of a pair of particles (numbered 1 and 2 less the parallel diffusivity of a single, isolated particle above that wall, denoted D k . This single particle diffusivity depends on the distance of the particle from the wall and expressions for this quantity are well known. 22 The self diffusive modes correspond to the forcing of a single particle in the pair alongr, (i.e. D self ¼r$D 11 $r) while the relative and collective modes correspond to the forcing of both particles (in the directionsr and Àr, andr andr, respectively). These diffusivities are:
and
respectively. The self and relative diffusion are retarded by hydrodynamic interactions
The diffusivity tensor D has elements, D ab , corresponding to the coupling of diffusion of particle a with diffusion of particle b. For instance, if a and b are the same, then this element of D corresponds to self-diffusion. Note though, even D aa includes many-body hydrodynamic interactions as will be illustrated shortly. By treating the particles as point forces that must move with the fluid, the parallel components of D aa are simply kT
] where x a is the position of particle a. Similarly the parallel components of
) for point-particles (note that '':'' represents the double-dot-product
A ij B ij ). This point-particle approximation is insufficient in many ways, which are addressed throughout the article. More complete descriptions of the hydrodynamics requiring little additional computational effort have been developed including the Stokesian Dynamics simulations employed herein. 25 The point force/particle approximation gives just the leading order behavior (up to r À2 and h
À1
) for widely separated particles far from the wall (r, h [ a). However, this is the proper starting point for developing a more rigorous theory. Beginning ad hoc with hydrodynamic interactions derived for other purposes (e.g. the Rotne-Praeger tensor 28 ) may lead to diffusivity tensors that do not satisfy some fundamental constraints intrinsic to low-Reynolds-number flows. 29 Namely, the diffusivity tensor must be symmetric and positive definite.
In Fig. 1 , the results of Stokesian Dynamics simulations (lines) are compared with the experiments of Dufresne et al. (points), for particle pairs set distances h/a ¼ 3.1 and h/a ¼ 52 above the wall.
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Notice that the dependence on the inter-particle separation is distinctly different in each of these cases. When a ( r ( h, the particles are close enough that hydrodynamic interactions with the wall are irrelevant, and the relative and collective interactions decay as r
À1
. While for h ( r, the hydrodynamic interactions with the wall are significant and the relative-and collective-modescaling switches to r
À2
. The r À2 interaction is characteristic of force dipoles, and indeed, through the method of images, we can see that G(x, y) has a dipolar character when h ( r; to leading order there is an image force, ÀJ(R), below the wall.
The retardation of the self-diffusive mode has a stronger decay than either the relative or the collective modes as one particle is forced and the other must remain force free. In order for the no-slip boundary condition to be satisfied on the surface of the unforced particle, the force density on the surface of that particle must change so that the unforced particle acts, to a first approximation as a force dipole or stresslet itself. Therefore, where the hydrodynamic interaction for the relative and collective modes was direct through the forcing of both particles, the hydrodynamic interaction for the self-diffusive mode is indirect and comes about through reflection of the disturbance generated by the forced particle. This behavior cannot be captured by the point force/particle model of hydrodynamic interactions. Rather, higher order moments of the force density on the particle surfaces are necessary. Still, the effect of hydrodynamic screening is evident as the self-interaction changes in rate of decay from r À4 to r À5 as the forced particle is brought very near the wall. It is this interaction that characterizes the self-diffusivity in suspensions as well; thus, hydrodynamic screening may be important in setting the dynamics of many particles near a boundary.
In order to examine the many-body hydrodynamic interactions of particles parallel to a no-slip boundary, we construct an ensemble of seven particles residing on the vertices and in the center of a hexagon. We then measure the mean-squared displacement of these particles parallel to the wall experimentally and computationally to quantify the enhancement and retardation of various diffusive modes. We find quantitative agreement between the experimentally determined diffusivities and those calculated via Stokesian Dynamics simulations. This simultaneously validates the experimental procedure and the theory employed in developing Stokesian Dynamics. Before discussing our results further, we describe the statistical procedures and experimental and simulation methods employed in this study.
Methodology

System
Seven spherical particles are arranged in a hexagonal configuration (six particles on the vertices, one particle in the center) with the plane of the hexagon parallel to a no-slip wall (illustrated in Fig. 2 ). The side length of the hexagon is equivalent to nearest neighbor inter-particle separation, and this quantity is varied experimentally in the range: 2.6 < r/a < 4.6. The distance between the wall and the ensemble is varied with: 1.1 < h/a < 72. The particles are released from their initial hexagonal configuration and Brownian motion causes the configuration to distort. We measure the N-body diffusion tensor dynamically as
where x a (s) is the change in position of particle a from its place in the initial configuration after the lag time, denoted s, which is chosen to be short relative to the single particle diffusive time-scale (a 2 /D k ). The angle brackets reflect an average over many realizations (experimental trajectories) that begin with the particles in the hexagonal configuration. For a small enough s and enough realizations, the short-time dynamics of the ensemble are measured and the diffusivity, D, corresponds to that arising from inversion of the hydrodynamic resistance tensor for the initial hexagonal configuration. The trajectories are measured experimentally and computed by dynamic simulation for 1500 and 10000 realizations, respectively. From this the mean-squared displacements are calculated yielding the N-body diffusivity tensor.
This same hexagonal arrangement is studied systematically via Stokesian Dynamics simulation at two fixed inter-particle separations while varying continuously height above the wall and at two fixed heights while varying continuously the inter-particle separation. In this particular case, rather than calculate the diffusion tensor dynamically as done for comparison with the experiments, we simply compute D ¼ kTR À1 FU as calculation of the hydrodynamic resistance is the fundamental purpose of Stokesian Dynamics. In this way, no averaging over realizations is required and data with zero statistical noise generated.
Experimental
Our sample cell consists of a glass cover slip and microscope slide with cover slides used as spacers to create a gap of approximately Fig. 2 The diffusion of seven spherical particles positioned on the vertices and in the center of a hexagon with side r and height h above a plane wall is studied experimentally and via simulation. This diagram reflects the relative configuration of particles and the wall as well as the existence of a reference particle in the experiments used to determine precisely the distance of the particles from the wall. Bright field microscopy images the configuration from the top down (see the inset).
160 mm. The glass surfaces are cleaned overnight in a freshly prepared solution of sulfuric acid and an inorganic oxidizer (Nocrhomix, Cat. no. 19-010, Godax Laboratories, Cabin John, MD). Prior to all experiments, we treat the cell with a plasma cleaner (PDC-32G, Harrick Plasma, Ithaca, NY) before introducing the colloidal suspension by capillary action. The ends of the cell are sealed using an ultraviolet curing adhesive (NOA 81, Norland Products, Cranbury, NJ).
Seven-particle clusters are trapped by custom-built holographic optical tweezers. The particles are monodisperse polystyrene latex beads with radius a ¼ 1.41 AE 0.1 mm (Polysciences, Warrington, PA). The optical traps are generated by a nearinfrared ytterbium fiber laser (YLR-10-1070-LP, IPG Photonics, Oxford, MA) with vacuum wavelength l ¼ 1070 nm, and a spatial light modulator (Boulder Nonlinear Systems, Lafayette, CO) controlled by a workstation using a commercial software package (HOTAPI, Arryx, Chicago, IL). A microscope (Axiovert, Carl Zeiss, Thornwood, NY) equipped with a high numerical water immersion objective (63 Â, 1.2 numerical aperture C-apochromat) serves as both the optical trapping and imaging system.
Particles are arranged on a hexagonal lattice with spacing r, as shown in Fig. 2 in a single plane close to the glass coverslip. We simultaneously trap a single particle at a distance more than 35a away from the cluster. This reference particle is kept far enough away that the interaction with the individual particles in the cluster is insignificant. Its mobility is a measure of the limiting behavior of individual particles in the cluster at large interparticle separations. To accurately set the focal plane height above the coverslip surface, we use a feedback-controlled piezo objective nanopositioner (PIFOC, P-721.CDQ, Physik Instrumente, Karlsruhe, Germany). As a direct verification of the height, we also simultaneously create an empty ''guide point'' optical trap offset vertically by the spatial light modulator to focus on the surface. From the intensity scattered from the guide trap, it is possible to independently verify the focal height and locate particles at reproducible distances from the surface. The reference particle diffusivity also provides an accurate confirmation of the absolute distance of the cluster from the surface when compared with known expressions for D k . In Fig. 3 , we compare experimental measurements of the single particle, shorttime diffusivity parallel to the wall with the exact expression.
22
We generate several thousand trajectories by periodically shuttering the laser beam using a signal from a function generator with a 1 : 3 duty cycle (DS-360, Stanford Research Systems, Sunnyvale, CA) to control a mechanical shutter (DSH-10, Electro-Optical Products, Ridgewood, NY). Particle dynamics are recorded using a high-speed digital camera (Phantom v5.1, Vision Research, Wayne, NJ) and the individual particle trajectories are obtained from the digital images using standard particle tracking algorithms.
31 A co-aligned helium neon laser (vacuum wavelength l ¼ 632.8 nm, CVI Melles Griot, Albuquerque, NM) is used to generate a bright spot in the video image in order to track the shutter state. The beam is shuttered for 0.6 s, or approximately 1/20th of the characteristic particle diffusion time, 6pha
3 /kT to ensure that the particles are re-trapped during each cycle. The measurements are carried out in dilute salt solutions to screen long-range electrostatic interactions between the particles and the sample wall.
Computational
A full description of the Stokesian Dynamics technique for particles near a plane wall is put forth in the article by Swan and Brady 25 -it is beyond the purview of this article. However, some features of Stokesian Dynamics highlight key physics in the hydrodynamic interactions of particles regardless of any boundary geometry. As two spherical particles approach each other along their line of centers or a spherical particle approaches normal to a no-slip plane wall, tremendous forces must be applied to squeeze fluid out of the thin gap between the surfaces. These forces, sometimes referred to a lubrication forces, dominate the hydrodynamic interactions of nearly touching and immersed surfaces. 26 For instance, pushing a spherical particle into a plane wall requires a force proportional to (h À a)
À1 when h À a ( 1. Where the point force/particle model of hydrodynamic interactions captured only the most coarse or long-ranged interactions, the lubrication forces describe only the near-field interactions among particles. Because lubrication forces are so strong and arise from the flow of fluid in the thin gap between surfaces undergoing relative motion, they may be approximated to a good degree as pair-wise additive. The same is not true of the far-field hydrodynamic interactions which are many-bodied.
Stokesian Dynamics accounts for the difference in the character of these two interaction regimes (near-field and far-field) by computing the hydrodynamic forces due to each interaction independently subject to the constraint that the particles move in a self-consistent manner. That is, the sum of the hydrodynamic force due to the far-field interactions, proportional to kTD À1 ff where D ff is the diffusivity tensor arising from a far-field hydrodynamic theory (the simplest approximation would be the diffusivity of point particles), and the hydrodynamic force due to the near-field interactions (easily computed via lubrication theory) 22 balances any external forces on the particles (e.g. gravity or Brownian forces). However, the particle velocities to which the hydrodynamic forces (both near-field and far-field) are linearly proportional must be the same. The Fig. 3 The experimental measurement of the parallel, short-time diffusivity of a single particle above the wall. The method for measuring the height of a single particle above the wall and corresponding measurements of the parallel diffusivity agree with the exact, analytical expression for the same quantity.
constraint that the hydrodynamic forces balance any external forces and that the particle velocities are consistent across interaction regimes is sufficient to determine the particle motion arising from those external forces.
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Whereas the near-field interactions are pair-wise additive, the far-field interactions are many-bodied. It has been shown that the inversion of even the point force/particle approximation for D ff will give rise to a many-body hydrodynamic resistance. 32 This inversion is equivalent to a method of reflections approach to determining the hydrodynamic interactions. 26 
Results and discussions
We measure several different diffusive modes characterized by the diffusivity denoted,
where X k is a unit vector characterizing the particular diffusive mode k. The normal modes (i.e the exact eigenvectors of the diffusion tensor) might be used for trajectory analysis. However, these modes (even for a pair of particles) are a function of the inter-particle separation and distance of the particles from the wall. This makes physical interpretation of the corresponding diffusivities problematic. Instead, mutually orthogonal physical modes such as those employed in section 1 provide insight into the relative and collective motions of the particles. The directionality of these modes is independent of the inter-particle separation and height of the particles above the wall. Ten such modes for the hexagonal configuration are pictured in Fig. 4 where modes 1-4 refer to motion of a single particle in the ensemble (self), modes 5-8 are eigenvectors of the diffusion tensor (projected in two dimensions) arising from the six fold symmetry of the ensemble (relative), and 9-10 correspond to sedimentation of the ensemble (collective). The arrows in the figure correspond to vector elements of X k so that X a k , the element of X k associated with particle a, is a vector parallel to the particular arrow for particle a in mode k. The analogy with the modes illustrated in Fig. 1 is evident. Note, that the relative and collective modes are orthonormal as well so that X j $X k ¼ d jk just as they were in the pair problem.
These modes may be thought of in at least two different ways. Consider that were, F k ¼ X k , a force on the particles, then the quantity:
where
FU $F k , is the ratio of the rate of energy dissipated by the fluid due to forcing of the particles in this manner to the rate of energy dissipated by a single particle forced with strength ffiffiffiffiffiffiffiffiffiffiffiffi ffi F k $F k p parallel to the wall (of course, X k is normalized so that the dot product is unity). This is just a restatement of the fluctuation-dissipation theorem. Alternatively, the diffusive modes measure the speed of Brownian motion along particular directions. In this way, D k measures the rate of fluctuations in the particle positions, but only those fluctuations consistent with the arrows depicted in the . This data is difficult to rationalize physically, however, so that we compare just ten physical modes of diffusion. A full eigendecomposition of the diffusion tensor was conducted by Lele 33 and found similar quantitative agreement between the experiments and Stokesian Dynamics simulations.
For a range of inter-particle separations and heights of the ensemble above the wall, we measured these diffusivities experimentally and computed them dynamically via Stokesian Dynamics. 1.1, 1.32, 2.74, 8.66 . The lag time in all cases was skT/6pha 3 ¼ 0.016.
inter-particle spacing. Each of these ensembles is positioned at a different height above the wall, and yet the self, relative and collective modes segregate clearly when compared on this basis. The hinderance to the self and relative modes and the enhancement of the collective modes is strongest when the particles are closest together. These effects weaken as the inter-particle spacing is increased. Additionally, the diffusivity corresponding to a particular hexagonal configuration may be computed exactly as the inverse of the hydrodynamic resistance tensor (i.e. D ¼ kTR FU
À1
). This enables prediction of the diffusive modes for a continuous range of inter-particle separations and heights. Conversely, generating consistent results for one configuration from dynamic simulations requires thousands of realizations during which the hydrodynamic resistance is calculated at each time as the configuration evolves. In Fig. 6 , we compare the results of dynamic simulations with lag time skT/6pha 3 ¼ 0.016 to the diffusion tensor calculated exactly for the same configurations. The lag-time based diffusivity measurement features some quantitative changes in several of the diffusive modes as well as a qualitative change in mode 6. Differences in the diffusivities themselves (D k ) are relatively small (<10%), but since we are removing the single particle diffusivity from the many-body diffusion modes, errors are more pronounced. These differences between the exact calculation and the lag-time measurements are easily understood, however.
Note that the mean velocity of each of the particles in the hexagonal configuration,
is non-zero over the course of the experiments and simulations. The non-zero velocity is referred to as hydrodynamic drift and arises precisely because the diffusion tensor depends on the relative configuration of the particles.x The mean drift causes the particle configuration to broaden and move away from the wall. The broadening leads to weaker hydrodynamic interactions between the particles so that the lag-time data:
shifted toward zero (see Fig. 6 ). This appears to be the case for many of the modes (5, 7, 9, 10).
There is another source of error in the lag-time measurement which is independent of the mean drift. Within an individual dynamic realization, the configuration of the particles fluctuates about the trajectory described by the mean drift. Consequently, the diffusivity measured dynamically corresponds to an average over these distorted configurations. This distortion of the configuration occurs both in-plane and out-of-plane so that the rotationally symmetric mode (i.e. mode 6) is affected in dramatic fashion. For mode 6 and from the perspective of the static configuration, each particle entrains and is entrained by its neighbors so that ring-like-diffusion is enhanced by hydrodynamic interactions. However, as the configuration of the particles fluctuates and particles fall out of the plane of the hexagon, the degree of entrainment is reduced so that enhancement becomes retardation. Evidently, we do not measure the particle trajectories in either experiment or simulation over a short enough lagtime to minimize the configurational fluctuations and capture this behavior. We have observed, however, that as the lag-time is reduced, (D 6 À D k )/D k grows more positive supporting this preceding rationale. Fig. 7 shows a direct comparison between the exact diffusion modes obtained via Stokesian Dynamics simulations and the results of blinking optical tweezers experiments for the case that r/a ¼ 2.64, 4.59 and for a variety of heights. The qualitative agreement between the simulation and experiments is very good. The trends as a function of the height above the wall meet expectations: hydrodynamic screening suppresses the enhancement/retardation of all the diffusive modes as a configuration of particles is brought nearer to the wall. All of the modes, excluding mode 6, decay monotonically. Similarly all the modes, except mode 7 when r/a ¼ 4.59, have a single sign.
The same calculations are analyzed to examine the behavior of two ensembles for which h/a ¼ 3.1 and h/a ¼ 52 by systematically varying the inter-particle separation. These simulations are the many-body analog of Fig. 1 . Again, rather than compute the diffusivity tensor for the ensemble dynamically via trajectory analysis, it is computed directly for a continuous range of r/a. The results are depicted in Fig. 8 . When the diffusive modes for a pair of particles above a plane wall at these two heights were examined, the collective mode was enhanced and the self and relative modes were retarded by hydrodynamic interactions for all r/a. A similar picture emerges from study of these hexagonal configurations. The collective and self modes are enhanced and retarded, respectively, regardless of the inter-particle separation x The point-force/point-particle model of hydrodynamic interactions produces zero mean drift. In fact, the same is true of the higher order Rotne-Praeger approximation that accounts for the finite size of the particles. 28 A higher order description accounting for at least the torque and stresslet is needed to obtain the mean drift.
or height above the wall. In fact, the degree of enhancement or retardation decays just as with particle pairs (as r À1 or r À2 for collective and r À4 or r À5 for self with r ( h or r [ h). The relative modes all decay in the same manner as the collective modes; however, only two of the relative modes: 5 and 8, are purely retarded by hydrodynamic interactions.
Mode 6 is enhanced regardless of the inter-particle separation for both heights above the wall and reflects the diffusive rotation of the ensemble about the center particle. This mode is termed relative because the vectors along which the mean-squared displacement is projected are not parallel (see Fig. 4 ). However, the projection of the vectors corresponding to neighboring particles is positive. If we focus on a single pair of neighboring vertex particles alone, we see that diffusion along those vectors is a superposition of the relative and collective modes described for the particle pair. Therefore, as each particle entrains the particle moving behind it, the diffusion in this mode is enhanced by the hydrodynamic interactions among the particles. Mode 7 exhibits only retardation when the ensemble is far from the wall (h/a ¼ 52) for all inter-particle separations. Near the wall, however, this mode is retarded as well but for small inter-particle separations (r/a < 6) only. For larger inter-particle separations, this relative mode is enhanced because of a particle-wall type hydrodynamic interaction. That is, the additional flow fields due to motion in the presence of the nearby wall are of sufficient strength to overcome the retarding particle-particle hydrodynamic interactions. These relative modes are especially interesting because they reflect various coordinated motions which could be relevant for cage diffusion in dense suspensions. It is reasonable to infer from Fig. 8 Fig . 7 The diffusive modes for hexagonal configurations at many heights above a no-slip plane wall were measured experimentally (open symbols) and computed via Stokesian Dynamics simulations (lines). These configurations correspond to inter-particle separations of r/a ¼ 2.64 and r/a ¼ 4.59. Fig. 8 The diffusive modes for hexagonal configurations at h/a ¼ 52 (top) and h/a ¼ 3.1 (bottom) above a no-slip plane wall were computed via Stokesian Dynamics. As it is the absolute value of the difference between the single particle diffusivity and the diffusive mode, each mode has a corresponding + or À indicating whether the difference was positive (enhancement) or negative (retardation). that mode 7 becomes enhanced at smaller inter-particle separations as h/a approaches unity. As a result, this particular mode of cage diffusion in dense suspensions may also be enhanced which would lead to faster particle dynamics near boundaries.
Conclusions
The dynamics of small ensembles of colloidal particles near a no-slip surface are studied with the goal of better understanding the influence of particle-wall hydrodynamic interactions in suspension mechanics. The hydrodynamic interactions between particles based on the point force/particle (a.k.a. Oseen-Burgers) description combined with the method of images are shown to be insufficient to describe all the dynamics as demonstrated by the additional hinderance to the self-diffusive modes for just a pair of particles. Instead, the full diffusion tensor computed via Stokesian Dynamics accounts for this behavior. The correlated motion of the particles was evident in the behavior of the self, relative and collective diffusive modes, which are influenced by varying the particle center-to-center separations as well as the distance from the wall. However, the self-diffusive modes have a stronger dependence on the inter-particle separation than can be accounted for by the simple point force model of colloid motion. Over the range of r/a we examined for a hexagonal ensemble of particles, we found that all the self-diffusive modes decayed as either r À4 or r
À5
for r ( h and r [ h, respectively. Similarly, all the relative and collective modes of diffusion decay as either r À1 or r À2 under each of the same conditions. However, where we observed that all collective modes of diffusion are enhanced by hydrodynamic interactions while self and relative modes are retarded for a pair of particles regardless of the height above the wall, the same was not true of the hexagonal ensemble. Depending on the height above the wall, one relative diffusive mode (6 in Fig. 4 ) was enhanced by the interactions regardless of the inter-particle spacing and height above the wall. Similarly, another relative mode (7 in Fig. 4 ), was either enhanced or retarded when the ensemble was near the wall depending on the inter-particle spacing and was purely retarded when the ensemble was far from the wall. The behavior of mode 6 is the result of many-body (particle-particle) hydrodynamic interactions while the behavior of mode 7 is evocative of additional many-body, particle-wall-particle, hydrodynamic effects.
While this study focused on an isolated cluster of particles near a wall, the same methodology should be applicable to confined suspensions. A similar analysis of two-dimensional diffusion modes is possible because in dense suspensions near a boundary the particles form transversely parallel lamellae within at least two diameters of the wall. Do the same predictions regarding enhancement or hinderance of diffusive modes hold, or do the surrounding and even intervening particles further screen the hydrodynamic interactions among a cluster and alter the behavior? A deeper understanding of the role of hydrodynamic interactions in governing rate processes such as the formation and melting of colloidal crystals and glasses may be developed through the answers to such questions.
